The observation first I made by Madsen and Nyman (1907) and independently by Chick (1908) that bacteria killed by almost any cause die in an orderly way which has the same mathematical formulation as the monomolecular reactions, has been verified in a general way by most subsequent investigations. There have been differences of opinion regarding technique; it has been found that the reaction is not always strictly logarithmic, because the "reaction velocity" or the rate of disinfection is not constant but frequently decreases, and this could be accounted for by assuming a varied resistance of the different cells; there has been, in some experiments, the necessity of omitting the first few counts in order to get a reasonable agreement of the death rate. But all experiments made to prove or .disprove the claim show that in a general way, the orderly death of bacteria is logarithmic, and that we are justified in speaking of a "logarithmic order of death."
(Accepted for publication, July 5, 1929) The observation first I made by Madsen and Nyman (1907) and independently by Chick (1908) that bacteria killed by almost any cause die in an orderly way which has the same mathematical formulation as the monomolecular reactions, has been verified in a general way by most subsequent investigations. There have been differences of opinion regarding technique; it has been found that the reaction is not always strictly logarithmic, because the "reaction velocity" or the rate of disinfection is not constant but frequently decreases, and this could be accounted for by assuming a varied resistance of the different cells; there has been, in some experiments, the necessity of omitting the first few counts in order to get a reasonable agreement of the death rate. But all experiments made to prove or .disprove the claim show that in a general way, the orderly death of bacteria is logarithmic, and that we are justified in speaking of a "logarithmic order of death."
Much less agreement could be obtained on the interpretation of this orderly process. The one extreme of explanation is the assumption that bacteria are small enough to act as molecules, and enter into reaction as any other large molecule would, and therefore must follow the mass law; the mass law reactions are logarithmic. Others scorn 1 Falk (1923) states that Ikeda (1897) was the first to observe this agreement with the monomolecular law, but it seems to the author that he gives Ikeda too much credit. Ikeda found only that the ratio of times to bring about the same disinfection effect in different concentrations of the same disinfectant is the same. He does not mention any ~milarity with unimolecular reactions (see also Reichenbach, 1911 and 1922-23) .
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The Journal of General Physiology the idea of comparing such large organisms (with flagella, cell wall, vacuoles and granules indicating a high complexity of composition) with molecules; they believe that the orderly process of death is simply a consequence of an orderly variation of resistance. It is not very easy, however, to fit the laws of chance to the actual facts of the order of death of bacteria, as shall be demonstrated by one of the first experiments on this order, by Madsen and Nyman (1907) , and the first experiment for the explanation by variability, by Hewlett (1909) . Fig. 1 shows that the curve of survivors in the case of bacteria spores is distinctly logarithmic, while the survivor curve of the mustard seeds, killed by the same poison and washed with water and treated with hydrogen sulfide exactly like the bacteria spores, is a typical inverted S-shape. More striking yet is the difference in the "death rate curves" shown by the black blocks and presenting the number of spores or seeds dying in each unit of time. The third difference is the "reaction velocity" or "rate of death" as shown by the K values in Table IA and IB, computed according to the general formula
In Table IA , k is fluctuating but remaining constant within a very large error; in Table IB , however, the death rate is increasing continuously.
LOGARITHMIC O R D E R OF D E A T H | , I
#.~ u~ Exactly the same differences between bacteria and multicellular organisms are found if they are exposed to heat, as shown in Table IIA (data by Chick) and B (data by Loeb and Northrop) .
If the order of death as actually observed with bacteria is to be explained by variation in resistance, then this variation must be of a special kind. Variation of biological characters generally followsthe laws of chance, and the black blocks of Figs. 2 and 4 show the general trend of such curves. Figs. 1 and 3 show how the distribution of resistance would have to be if an approximation to the logarithmic sequence were to be expected. The most sensitive organisms must exist in the largest numbers. That is difficult to explain. Reichenbach (1911) constructed a special theory of growth in order to fit these facts. He assumes that after each doubling of the cells, a certain percentage do not multiply further, but become dormant; these dormant cells are the more resistant the longer they remain in that state. Since even this did not give the correct logarithmic death process, a correction factor was introduced in addition. This assumption seems rather artificial, and does not explain why bacteria spores follow the logarithmic law of death just as accurately or even more so than the vegetative forms.
Neither of these two interpretations of the order of death, which Lee and Gilbert (1918) termed the "mechanistic" and the "vitalistic" theories, has been proved or disproved. No new viewpoint has been added during the last ten years, though the material pro and con has been increased. On account of this deadlock for such a long time, the interest in this question which seems, after all, of considerable biological significance has decreased.
To illustrate how the "mechanists" and "vitalists" each adhere strongly to their theories, a few quotations are given: Loeb and Northrop (1917) : "When we plot the number of flies which die during successive days in terms of percentage of the original number of flies we get that curve of the death rate usually given in life insurance statistics, namely, a probability curve, the ascending branch of which is a little steeper than the descending branch ....
Miss Chick has stated that bacteria are killed by disinfectants at a rate corresponding to that of a monomolecular chemical reaction, i.e. that in each interval of time the same percentage of individuals alive at this time is killed. She was probably led to such an assumption by the fact that the ascending branch of the mortality curve in her experiments Jwas generally very steep. The agencies used by her for killing the bacteria were so powerful that the ascending branch became almost a vertical line, thus escaping attention. Hence she noticed usually only the less steep descending branch which could be interpreted as a monomolecular curve for the reason that her experiments lasted only a short time."
Fulmer and Buchanan (1923) (Summary): "It is believed that such resemblances as have been found between such curves (survivor curves plotted against time) and monomolecular reactions or logarithmic curves are superficial and fortuitons. Any method therefore of evaluating disinfecting power based upon such a concept must prove misleading.
"Variations in resistance of individual cells and the distribution of such variations must be regarded as of fundamental importance in accounting for rates ol death of organisms."
Lee and Gilbert (1918) (Summary): "It has been proposed to group all these theories (of disinfection) into two classes, namely "vitalistic theories" and "mechanistic theories" .....
In view of the experimental evidence which has been presented, disinfection, in the opinion of the authors, must be regarded as an orderly time process which is closely analogous to chemical reaction,--the microorganisms and the disinfectant being regarded as the respective reagents. A definite logarithmic relationship between velocity of disinfection and concentration has been found to exist in all cases investigated ....
The "theory of graded resistance" as advanced by Eijkman, Hewlett and Reichel has been reviewed, and attention has been directed to the fact that biological characteristics are distrib-uted as a rule in a manner quite different from that which they have assumed in formulating their theory. In view of these observations, the authors are led to the conclusion that the logarithmic nature of the disinfection process is due to a general similarity of the individuals in a given pure culture of microorganisms rather than to a dissimilarity of the individuals as postulated in the theories of graded resistances by the supporters of the vitalistic theory." Cohen (1922) : "Subjecting organisms of the colon-typhoid group to mild lethal conditions under moderate temperatures and hydrogen ion concentrations tends to magnify the induction period prior to mortality at the maximum or logarithmic rate ....
The period of induction is decreased by higher acidity and by higher temperature. It appears to have a duration inversely proportional to some exponent of the temperature. It is analogous to the induction period occurring in chemical reactions ....
The mortality of bacteria whether by strong disinfectants or by milder agents follows the laws of logarithmic decline. It is shown that the course of the disinfection process can be expressed by mathematical relations comparable to those used in dealing with monomolecular chemical reactions."
A compromise theory similar to that of Lee and Gilbert was attempted by Falk (1923) : "Indeed, it is our opinion that the findings of Chick, Brooks, Loeb and Northrop, and of Cohen have all shown that when the material which is being studied is--with respect to the reaction--physiologically homogeneous the course of disinfection, hemolysis, mortality etc. simulates the well-known logarithmic curve of mass action chemical processes. When the viable material is lacking in homogeneity, i.e. as between young and old cells, or as between vegetative and spore forms in Dr. Chick's work, the curve which describes the course of the reaction varies from the logarithmic."
This theory seems to he given up later by Falk in favor of an explanation by multimolecular reaction as it appears from the following quotation: Falk and Winslow (1926) : "Where disinfection does not follow a logarithmic course, and is not to be described by the unimolecular equation, the course of the process may sometimes be described by the equation of a bi-, tri-, or higher multimolecular reaction. Such an explanation may render unnecessary the assumption of variability in biological resistance to account for deviation from a logarithmic mortality curve." Whenever two groups of thoroughresearchworkers hold suchopposed views as in this case, it is fairly safe to assume that some essentially new principle is involved which none of the two parties realized.
A comprise seems difficult, but it is so largely because the "mechanists" do not pay sufficient attention to the deviations from the strict logarithmic law, while the "vitalists" refuse largely to acknowledge the facts, and base their refusal upon an analogy with multicellular organisms which may not be altogether correct, as shall be proved presently. One more reason for considerable confusion in disinfection experiments is the difficulty in obtaining identical death rates with subcultures of the same strain on different days. The death rates vary so enormously that an unknown factor, perhaps of catalytic nature, must be assumed. But this has really nothing to do with the order of death; it affects the rate only, and the present discussion is altogether limited to the order of death.
The attempt to explain the logarithmic order of death as a consequence of the small size of bacteria shall be limited here to the death by heat. It is based upon the assumption that death is caused by some chemical change taking place in the cell, and that this chemical process as such follows the same laws as all other chemical processes. Possibly, this reaction is a coagulation of a certain cell protein, or it is the inactivation of an enzyme essential for life, or of some other thermolabile cell compound. The heat coagulation of proteins follows the mass law, and is a monomolecular process (Chick and Martin, 1910) ; so is the heat destruction of enzymes (Tammann, 1895). It would be not at all surprising that the chemical process causing death by heat is monomolecular. This process, whatever it be, is called by Brooks (1918) the "fundamental reaction."
Thus far, probably, the vitalists will agree. But they will say at once that as long as all cells are alike, the same reaction must proceed in exactly the same way in all cells, and if 20 per cent of the protoplasm in one cell is coagulated, there must be 20 per cent coagulated in everyone of the cells. They must all die at exactly the same moment if they are Mike, and the fact that they do not all die simultaneously is the best proof for variation in resistance. This argument can be met by introducing size as a factor.
Let us consider this process of heat coagulation in more detail. If we place a beaker with an albumin solution in a water bath of 65°C., the mass of protein will be gradually coagulated according to the mass law. If this solution were divided by a partition into two independent halves, it will be generally agreed upon that, upon heating in the water bath, the processes will be exactly parallel in the two liquids. If we divide the mass of protoplasm evenly into 1000 separate units, the process will be parallel in each of the units, and when half of the protein is coagulated in one of them, we are certain that exactly the same has happened in each of the other 999.
And yet, this parallelism is not unlimited, because finally, if we continue to divide the total mass of protein, there will be only one molecule left to each division. What will happen when this liquid divided up into these smallest units, each containing only one molecule of protein, is placed into the water bath of 65°C. ? The molecules will react exactly in the same way as if they were in a continuous liquid, as if there were no partitions; they will follow the mass law. The division into smallest units can make no alteration in the process, because the protein molecules do not react with each other, at least not primarily. They either react with water in which they are suspended, or they give off water; neither of these processes could be altered by partitions in the medium.
This means, then, that the sum of all these units would have to follow the logarithmic law of mass action. In this case where each unit contains only one reacting molecule, some molecules will react faster then others, and consequently, some units will contain changed molecules and some will not, even though they were exactly alike at the start, and had been treated in exactly the same way. This division into the smallest possible units makes the mass law a fallacy. The mass law holds true only where the number of reacting molecules is practically innumerable. If the number of molecules is limited, the laws of chance enter. It will be shown later than even with 100 reacting molecules per cell, the chance is not altogether excluded.
The extreme theory that the entire protoplasm is one giant molecule need not be assumed for our purpose here. Doubtless the smallest bacteria cell contains many protein molecules though they may be interlinked somehow. These molecules are not all-alike. There must be some specialization corresponding to that of the chromosomes in plant cells. Each section of each chromosome is different as the geneticists have shown. It is not a very bold theory to assume that one of these sections is essential for growth or multiplication, and with its destruction, the cell loses the power of multiplication and is considered dead according to the plate count technique of the bacteriologist.
This same order would hold true if there were several such essential molecules in each cell, and the destruction of any one of them would cause death. If, however, two molecules of this most essential type must be destroyed before multiplication ceases, then another law enters. On the following pages, an equation for the order of death is developed for any number of reacting molecules.
If a bacteria per unit space (e.g. per cc.) are exposed to some definite unfavorable temperature which will inactivate m molecules of protoplasm in m cells per unit time, the rate of inactivation of the molecules ts --. The portion not acted upon is 1 ----. The decrease of the survivors is logarithmic; q = 1 --_m is the proa portion of cells not acted upon in unit time.
The next case would be the assumption that the cell can recover if only one molecule is destroyed, but will die if two molecules are inactivated. We proceed as above: It is desirable to get a general formula for any number of molecules r necessary to be destroyed to insure the death of the cell. Thanks to the experience and kind assistance of Dr. W. A. Hurwitz, of the Department of Mathematics, Cornell University, such a general formula could be derived by studying the development of the formulae so far mentioned. If we chose, e.g. the number of dead cells after the time n which we may call Dn, we find the following regularity in the development: The regularity of development consists in this: the expression in /gZ 2 the second equation after --, is the first derivative of the corresponda ing expression in the preceding line, i.e. the factor of m; in the same way, with 3 molecules, the sum [1 + 3q+ ...] is one-half of the derivative of the preceding expression, [1 + 2q+ ...]. If we continue this systematic development, and call the total sum of the expression for 1 reacting molecule -f (q), we find:
D~(:) = m._~_ 3
a ~f''(q)
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The originalf (q) was found to be 1 + q + q~ + q3+ ... + q"-L Summarized, this gives
Thus, for the case that inactivation of only one molecule is sufficient to cause death, we have the equation If this is differentiated again, we obtain
The next differentiation will give us the expression for the case where 4 molecules must be destroyed to cause death:
The order of progression is plain, and we can write the reaction equation for r molecules:
(
--q) f(r-]~(q) _ (r --1) ! /('-~) (¢) = --n(n --1) (n --2)...(n --r -t-2) q~-,+l m r This equation is multiplied with :-~ (r -1)~ m(1--q)f(r-1)(q) f('-*)(q)m" --n(n--1)(n--2)...(n--r-k-2)q,_,+x m r
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We now substitute in this equation the value for Dne) from the preceding page, and also the value for Dne-i):
Since 1 -q = --, we get
Thus, for any r-value, the number of dead cells after the time n is' given by the number of the dead cells for the reaction of the next lower order; if we just continue this, we must finally come to r = 1 and this case is known. The number of dead cells can therefore be computed for any value of r and n. Substituting the letter C, for the long expression to be substracted from Dn (*-p, we obtain
The number of dead cells is then really the total sum of all the C,-values subltracted from the last member Dn m, which is known to equal a (1 --q") (p. 188). This gives the following value for Dn('):
a n(n--1)...(n--r-b 2) m "-1
(r -1)! ¢-2 " q~-'+'
We substitute This final equation does not mean very much to the average biologist (including the author) who is not trained along statistical lines, and the only way to make it intelligible is to apply it to some simple case.
Unfortunately, it has not as yet been possible to condense this long expression to a simpler form, and the application means therefore a very tedious computation of many data. By choosing very simple conditions, however, the amount of work can be reduced a little.
The following example is calculated on the assumption that 1,000,000 cells are acted upon by some harmful influence at such a rate that 90 per cent of the protoplasm molecules are inactivated per unit time. In the terms of our equation, this means a=l,000,000 iO = ---0.9 a -= 0.i a n is the unit of time. In Table III , the number of survivors is calculated for the end of each unit of time until there is less than one living cell left. This calculation is carried through for successive r-values from 1 to 12; that means, for the assumption that the destruction of 1, 2, 3, etc. molecules means the death of the cell. The table gives the total number of survivors, and the cells dying per unit time. The cells dying per unit time are also plotted in the block curves (Fig. 5) which will show to most readers more distinctly than the figures how the curve gradually changes its shape. For r = 1, it is plainly logarithmic; for r = 2, it appears practically of the same shape, except that the first time unit shows no deaths. Even for r = 6, the general shape of the curve resembles the first one except that it is flattened. For a while, the largest number of deaths occurs in the first unit of time in which any death takes place at all. However, at r = 9, the number of deaths in the first and second dying period are equal, and for r > 9, more organisms die in the second than in the first time unit. That this change occurs at r = 9, is, of course, the result of our choice of q --0.9; but regardless of how we chose q, there will always be a r-limit beyond which the death in the first time unit is smaller than in the second. The maximum of the death rate shifts to third place for r = 2 × 9, and to fourth place for r = 3 × 9. that for r = 1; it resembles, to the author's unprejudiced mind, a variability curve, and with this curve before offe's eyes, it is difficult to realize that it represents the order of death of absolutely uniform organisms which have all exactly the same resistance. This order of death is brought about by the circumstance that with 100 molecu]es, the reaction is not yet uniform in all ceils, and it is the law of chance that still rules.
Just as conspicuous as the gradual change of shape of the black curves of deaths per unit time is the fact that for any r larger than 1, there is no death at all for a certain time; this time increases in direct ratio with r. We must expeqt this; if a large number of molecules must be destroyed before the cell has lost the power of recovery, it is very improbable that all the molecules in one ce]l will be destroyed in the first time unit. This improbability increases with the number of reacting molecules. If, however, only one molecule per cell exists, the largest number of deaths in the first unit of time is unavoidable. The dominance of the logarithmic order of death with bacteria seems to indicate that they contain, among others, one peculiar molecule extremely sensitive to heat whose inactivation prevents any further multiplication; or there may be several such molecules, but the inactivation of any one of them means death. In many instances, the death rate ~ In a *however ' is not constant, but decreases. In a few cases it increases. It becomes necessary to study the meaning of this, and to compute the death rates for the theoretical cases present in Table III .
The results in Table V show that the death rate computed as in ordinary disinfection experiments is distinctly increasing in all cases / .5"00 0 ,~00 FIG. 6. Deaths per unit time ~th 100 reacting molecules per cell except for r = 1, and the increase is very noticeable even if we chose as zero time, no, not the beginning of the exposure, but the beginning of dying. The larger r, the larger is the increase. This becomes more conspiciou s if we consider the relative "death rates," taking the rate of the first time unit --100.
As a matter of fact, an increasing death rate has been very rarely observed. Reichenbach's (1911) unknown sporeformer, Chick's Staphylococcus and Myers' Bacillus 25 are probably the only cases on record for an increase of K. If the death rate is not constant, it usually decreases. The decrease can be easily accounted for by the assumption of a graded resistance, the mass law holding for each grade. The death rate is at first ififluenced by the less resistant ceils, and towards the end of the experiment, when the more sensitive cells are all dead, the resistant survivors show a lower death rate.
This circumstance that the death rate is either constant or decreasing, but very rarely increasing, is another strong argument for the assumption of r = 1 in bacteria. The question may well be asked how the type of curve illustrated in Figs. 5 and 6 will ever come to show that all large organisms behave alike and die at the same moment. The explanation for this involves the time factor.
In the development of the formula upon which this discussion is based, it was implied that, when we had two reacting molecules per unit, the units were twice as large. Otherwise, it would mean a change of concentration. But in computing Tables III and IV, the same initial number of cells, a = 1,000,000, has been used. The 1,000,000 cells for r --12 contain 12 times as many reacting molecules as the 1,000,000 cells for r = 1. This has not been important for our considerations so far, because neither the shapes of the curves nor the death rates would be changed at all if for r = 2, the initial number of cells were chosen as 500,000.
But if in one case, we have 10 times as many molecules as in the other, it is certain that it will take more time to kill all the organisms containing each 10 times as many molecules. Our Tables III and IV show this very distinctly. Since the survivor curve approaches zero asymptotically, we might best compare the times required to reduce the number of living cells to less than 1. This requires for r = 1 only 6 minutes, for r = 4 about 12 minutes, for r = 11 about 18 minutes, and for r = 100 about 128 minutes. Of this time, a considerable portion passes before any deaths occur at all. This time increases with the number of reacting molecules. It increases not only absolutely, but also relatively. Computing the time of action without death in terms of the total time needed to kill 99.9999 per Cent of all organisms, we obtain: If the curves of the deaths per unit time are plotted so that the total time required for killing all cells is reduced to the same scale, we obtain the pictures represented in Fig. 7 . The total abscissa presented, 6 time units, is required to reduce 1,000,000 living cells to less than one; this cannot be shown in the curves because 1,000 cells are the smallest number that is barely visible on this scale. The figure illustrates,
Fro. 7. Deaths per unit time for different numbers of reacting molecules (as in Figs. 5 and 6 ), but drawn to a standard time scale however, how, with increasing r, the relative time required for killing becomes less, and how, for r = 100, it approaches a line. It is not very likely that such a curve could be obtained by experimental measurement. If we measured even every half minute, we would find no cells killed until the 9th half minute, 23,000 killed in the 10th half, 947,000 in the 11th half, and 20,000 in the last half. This means practically all cells, (94.7 per cent) killed between 5 and 5.5 minutes. This is a good approximation to the "vitalists'" claim that if all cells are absolutely alike, they should all die at exactly the same moment. It is easily seen that for r --200, or --1000, the approximation would be still better.
There is one other method used by bacteriologists to prove the existence of the mass law in disinfection, i.e. if the logarithms of the
Fit. 8. Time-relationship of the logarithms of survivors, for different numbers of reacting molecules survivors are plotted against time, they should be on a straight line. If this same method is applied to our data of Table III , we obtain the curves shown in Fig. 8 . The curves obtained are not straight lines(except for r = 1) but they are near enough to straight lines to be considered as such if we omit the initial number. Unfortunately,manybacteriologists have disregarded the initial number and have started the counting of survivors after the bacteria had been exposed to the unfavorable condition for some time. All data by Paul and his associates on the action of acids upon Staphylococcus, and many data by Chick are of no value on account of this omission. Any reconstruc-tion or extrapolation would be quite arbitrary. This circumstance reduces the number of proofs for the logarithmic order considerably. If the initial number is included, a straight-line relationship of the survivors is a fairly good criterion for the logarithmic order.
DISCUSSION
The above conclusions and deductions refer to unicellular organisms of exactly the same resistance. No allowance is made for individual variation or graded resistance. If a chance distribution of resistance is assumed, this would mean a superposition over the curves outlined above.
The large number of experiments on the theories of disinfection by heat, chemicals, light, and drying, show, with comparatively few exceptions, an approximation to the logarithmic order. As criterion for the logarithmic order, the constancy of the death rate, K = 1 a In ~ is chosen. This death rate has frequently been found to decrease; this can be accounted for by a superposition of a graded resistance over the mass law equation. The data of Table V show that with more than one reacting molecule per cell, the death rate must increase. This has been rarely found with bacteria. The author believes the evidence to be quite decidedly in favor of the assumption that in bacteria, as a rule, there is a group of special molecules so essential for their existence that the destruction of only one and in some cases perhaps 2 or 3 of these molecules kills the cells. How many molecules of this type exist per cell, we are unable to say.
With multicellular organisms, the logarithmic order does not hold, nor could we possibly expect it to hold. The situation becomes very complicated. Even supposing that all cells are exposed simultaneously to the harmful influence which might be possible with exposure to heat, but not to chemicals, death of the entire organism will begin with d.eath of the individual cells. But the death of one cell does not mean the death of the entire organism. We have here a repetition of the relation between molecules and cells on a higher level; this time, death depends upon the number of cells that must be killed to prevent recovery of the organism. The mathematical treatment of this problem seems possible, but extremely complex.
CONCLUSIONS
Death of unicellular organisms is brought about by the inactivation of a certain number of essential molecules in the cell.
If the number of these essential molecules is only one per cell, the order of death is the same as if the cell were identical with this molecule; the order of death is logarithmic following the mass law.
If more than one molecule must be inactivated before the cell dies, the order of death is not logarithmic. With 2 or 3 molecules, it still resembles the logarithmic order, but with an increasing number of reacting molecules, it approaches more and more the order of death known with higher organisms, namely a period of no death, followed by a comparatively short period of rapid death.
The decision whether or not the logarithmic order exists, should be 1 a based upon the constancy of the death rate K =t ln--.a_x The existence of a straight line when logarithms of survivors are plotted against time, is not sufficient proof unless the initial number of cells is included.
These deductions are made with the assumption that all organisms are exactly alike, and show no individual variations or graded resistance.
With most bacteria, the order of death is so nearly logarithmic that death must be brought about by the inactivation of only one molecule, though there may be several molecules of this same type in each cell.
